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Q ' Abstract. We compute some value of the harmonic volume for the Fermat 

, sextic. Using this computation, we prove that some special algebraic cycle 

' in the Jacobian variety of the Fermat sextic is not algebraically equivalent to 

o 

i 1. Introduction 

» 

^ ' B. Harris [5] defined the harmonic volume for the compact Riemann surface 
X of genus (7 > 3, using Chen's iterated integrals [2]. Let J{X) be the Jacobian 
variety of X. By the Abel-Jacobi map X J{X), X is embedded in J{X). By a 

, consideration of the special harmonic volume, Harris [6] proved that the algebraic 

G^ I cycle F{4) — F{4)~ is not algebraically equivalent to zero in J{F{4)). Here, F{4) 

^ ' is the Fermat quartic, which is a compact Riemann surface of genus 3. Ceresa [T] 

V/-^ ■ showed that the algebraic cycle X — X~ is not algebraically equivalent to zero in 



O 



^ ! Ji^) ioT a generic X. We know few explicit nontrivial examples except for F(4). 

Harris [7] used the special feature of F{4:) that its normalized period matrix has 
entries in a discrete subring of C. The Fermat sextic F{6) has the same feature. 
We use this and prove 

^ ! Theorem 4.3. Let F{6) be the Fermat sextic. Then, the algebraic cycle F{6) — 

^ I -^(6)^ is not algebraically equivalent to zero in J(F(6)). 

We compute iterated integrals with some common base point of F{6). This 
is a similar computation of Tretkoff and Tretkoff [10]. In order to compute the 
Poincare dual of F{Q), we use the result of Kamata [8] for the intersection number 
of the first integral homology class of the Fermat curves. It is difficult to apply 
Harris' method to other Fermat curves. We [H] proved the same fact as the Klein 
quartic, but we did not use the above special feature. 

Now we describe the contents of this paper briefly. In ^ we recall the definition 
and fundamental properties of the harmonic volume and algebraic cycle in J{X). 
^ is devoted to the computation of iterated integrals of the Fermat curves. In 
the latter half of this section, we prove that iterated integrals on those curves are 
represented by some special values of the generalized hypergeometric function 
3F2. It was introduced in [S] but not proved. In [gl we prove Main Theorem, 
using the numerical calculation by the MATHEMATICA program. 
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2. Harmonic volumes and algebraic cycles 



Let Rhe a discrete subring of C. We suppose that all the entries of the period 
matrix of the compact Riemann surface X can be reduced to elements of R. 
Harris [7] pointed out that we may replace Z[a/— 1] for the Fermat quartic in 
Harris' method in [6] with R. We recall the harmonic volume for such X as 
follows. Let H^f denote the space of homolophic 1-forms on X with i?-periods. 
It is a (7- dimensional C-vector space. We choose a basis {Ki, K2, . . . , K2g} of the 
first integral homology group Hi{X; Z) of X. 

Definition 2.1 (^). The harmonic volume is defined to be the homomorphism 
^ by 

lR{iUi 1^ 102 1-^3) = ctr / ujiiU2 mod R. 

r=l Cr 

Here ljJi®ljJ2® cus is an element of {H]f)®^^, Cr is a loop in X at the fixed base 
point xo whose homology class is Kr, and the Poincare dual of Uk is equal to 



ta^K. (a, e C). The mtegral / .... ,s Cheu's iterated .utegral [2). that 

I LO1LO2 = / fiiti) fjit2)dtidt2 for C*uJi = fi{t)dt, i = 1, 2, where t is the 

JCr Jq<U<U<1 



ICr J0<tl<t2<l 

coordinate in the unit interval [0, 1]. 



We remark that Ir dose not depend on the choice of the base point xq. It is a 
modified version of the original harmonic volume /. See Harris [5J for /. 

Let J = J{X) be the Jacobian variety of X. By the Abel-Jacobi map X —>■ 
J{X), X is embedded in J{X). The algebraic 1-cycle X — X~ in J{X) is homol- 
ogous to zero. Here we denote by X~ the image of X under the multiplication 
map by —1. We recall the relation between the harmonic volume and algebraic 
1-cycle X — X~ in J. We say the algebraic cycle X — X~ is algebraically equiva- 
lent to zero in J if there exists a topological 3-chain W such that dW = X — X~ 
and W lies on S, where S is an algebraic (or complex analytic) subset of J of 
complex dimension 2 (Harris [7]). The chain W is unique up to 3-cycles. Harris 
proved the key theorem. 

Theorem 2.2 (Section 2.7 in [7]). If the algebraic cycle X — X~ is algebraically 
equivalent to zero in J, then 2Ir{uj) = modulo R for each u G {H]f)^'^^. 
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See Harris P, [7] for details. In §H we find some element uj G {H]f)®^^ such 
that 2Iji{uj) ^ modulo R for the Fermat sextic. 

3. Iterated integrals of the Fermat curves 

In this section we compute iterated integrals of the Fermat sextic. Let H^'^ 
denote the space of holomorphic 1-forms on X We choose a basis {ui, uj2, ■ ■ ■ ,ujg} 
of H^'^. Let 7 be a loop in X at some base point. We remark that the iterated 

integral / uJiUJj depends on the choice of the base points and is invariant under 

homotopy relative a fixed base point. This iterated integral and the quadratic 
period defined by Gunning [4] are essentially same except for the sign. 

For N e Z>3, let F{N) = {{X : Y : Z) e CP^;X^ + = Z^} denote 
the Fermat curve of degree N, which is a compact Riemann surface of genus 
{N — 1){N — 2)/2. Let x and y denote X/Z and Y/Z respectively. The equation 
j^N _|_ yAf _ induces + = 1. Using this coordinate {x,y) G F{N), 
the holomorphic map tt : F{N) —>■ CP^ is defined by Tc{x,y) = x. It is clear 
that TT is an A^-sheeted covering F{N) CP^, branched over branch points 
{CAr}j=o,i,---,A^-i *^ CP^. Here denotes exp(27rv^^/A^). Holomorphic auto- 
morphisms a and (3 of F{N) are defined by a{X : Y : Z) = {Cn^ : Y : Z) and 
P{X : Y : Z) = {X : (jyY : Z) respectively. We have that a/5 = /3a and the 
subgroup of the holomorphic automorphisms of F{N) which is generated by a 
and /3 is isomorphic to (Z/A^Z) x (Z/iVZ). Let Pj and Qi denote a*(l,0) and 
/5*(0, 1), 2 = 0, 1, . . . , — 1 respectively. We define a simply connected domain 
n by C\[j^r^Q~^{tC^; \t\ > l,t G M}. Then 7r-^{n) consists of A^ path-connected 
components and we denote by Qi a connected component of 7^^^(^7) which con- 
tains Qi, i = 0, 1, . . . , A^ - 1. Let 70 be a path [0, 1] 9 t ^ (t, v^l - t^) G P(A^), 
where v^l — is a real nonnegative analytic function on [0, 1]. A loop in F{N) 
is defined by 

/to = 7o ■ (/57o)"^ ■ (aPlo) ■ (a7o)"\ 

where the product ii ■ £2 indicates that we traverse £1 first, then £2. We con- 
sider a loop a'^P^KQ as an element of the first homology group Hi{F{N);Z) of 
F{N). Kamata obtained the following lemma for the intersection number of 
H^{F{N)-Z). 

Lemma 3.1 (Section 5 in [8j). We have 

(«o,a«o)= 1 =-(a/«o,/«o) 

{Ko,f3Ko) = 1 = -(/?Ko,Ko) 

(Ko,a/3Ko)= -1 =-(a/?Ko,Ko) 
(/to,a/3~^Ko) = = (a/5"^Ko, Ko). 

From this lemma, it is to show 



4 YUUKI TADOKORO 

Proposition 3.2 (Section 5 in ^). We have {a^P^ no}i=o,i,...,N-3,j=o,i,...,N-2 is a 
basis of Hi{F{Ny,Z). 

Remark 3.3. Intersection matrix of {a*/9-'fi;o}i=o,i,...,Ar-3,j=o,i,...,Ar-2 is given by K 
in case (i) in [8]. 

It is a known fact that {uj^.^ = x^~^y'^^^dx/y^^^}r,s>i,r+s<N-i is a basis of H^'^ 
of F{N). It is clear that 

,B{r/N, s/N) 



The integral of cj'. ^ along o'IS^Kq is obtained as follows. 
Proposition 3.4 (Appendix in [3]). We have 

= i?(r/iV, ./iV)(l - C]v)(l - a)Cr^7iV. 

We denote the 1-form Nuj'^^jB^^^ by cj^,,. Here, 5^^, = B{r/N,s/N). This 
implies / tUr^s ^ ^[Ca^]- 

J a^0j Kn 



Let /^,, be a real 1-form on [0, 1] defined by %u;l^^ = y/l-t^Y ^ dt for 

r, s > l,r+s < The iterated integral / ujr^s^i^ra = fr,sfi,m/ {B^sBj^m) 

is denoted by Xr,s,i,m- Iterated integrals of u!r,s along the loop a*/5%o can be com- 
puted. 

Lemma 3.5. We consider o^P^kq as a loop at the base point Qj. Then the 
iterated integral / ujr,s^i,m is given by 

^i{r+l)+j{s+m) r A^'+'Vl /•«+™W i n /-s \ f ^r+l . ^l+m ^m. A \\ 

SN \\^~SN )\^~SN J2;r,s,/,m + U ~ S,ArJlS,Ar + S,Ar ~S,N~Sn)]- 

Proof. It is clear that / ujr,s^i,m = / uj^^^uji^^. We have only to 



compute / UJr,s^i^rn- Wc deUOtC / + / ^^r,s^^l,m = / ^r,s^^l,m + / ^^r,s^^l,'. 

only here. 

Proposition 13. 4[ the equation / ujr^s = 1, and 

70 -Jlo^ "'70 "'7(7^ "'70-7i7^ 

give us the equation 



UJr,sUJl,ni =1/+/ +/ +/ 1 ^r,sUJl,m 

70 J 0/370 "'(070)"-'-/ 
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+ / UJr,s I / + / + / I UJl^rn + / UJr,s I / + / j UJl, 

J 10 \-J {Plo)~^ JctP-yo "^(070)"-'-/ J {Plo)~^ KJap-yo J (aio)-'^ / 



m 



'a/970 ■^(070)^-'" 



./-s+m I ./-r+s+l+m / j_/-r+l / 1 , , , , 

+W / _ +W / +SN / _ I ^r,s^l,m 

•Jlo^ J 10 "'70/ 

Jjg \ J70 "'70 "'70/ "'70 V "'70 JjQ/ 



m 



Cn^^ I ^r,s ] Cn / ^l,m 
J-yo 



'70 / "^70 

^r+s+l+m\ I ( /-s+m 



J 10 ) J 70 



70 70 70 70 

SAr"rSAr Sat Sat "tSat Sat 

= (1 - G+')(i - / ^r,s^i,m + (1 - + civ^'" - c;:? - d). □ 

We define a path 7^ by 70 ■ (/5''7o)~^- Let 7jj denote the loop 7^ ■ (a^/J-'/to) ■ 7j~^- 
Using the above lemma, we have iterated integrals of ojr^s along the loop 7jj- at 
the common base point Qo- 



Theorem 3.6. The iterated integral / 'jJr,s'^i,m, is given by 

SN \\^ ~ SN )\^~SN )^r,s,l,m+ \i- — '^N)\SN + SN ~SN~SN)i 

+(1 - cm - - a)cr^''" - (1 - cr)(i - G)(i - a)cr^^ 

Tretkoff and Tretkoff [10] computed the quadratic periods with another base 
point by similar computation. 

Proof. We have 

^T,s^l,m = / ^r,s^l,rri + / ^r,s / ^l,m ~ / l^r.s / ^l,m- 



From this equation and Lemma [3 .Sj the result follows. □ 
For the numerical calculation of Xr^s,i,m, we recall the generalized hypergeomet- 

' ' ' POO 

ric function 3F2. Let r(r) denote the gamma function / e~^t^~^dt for r > 0. 

Jo 

We define {a,n) by T{a + n)/T{a) for n G Z>o. For a; G {2; G C; |2;| < 1} and 
ai,a2,a3, Pi, P2 > —1, the generalized hypergeometric function 3F2 is defined by 



^^'^2 '""^ (A,n)(/32,n)(l,n) ' 
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Proposition 3.7. Let A be a 1-simplex {{u,v) e M^;0 < v < 1,0 < u < v}. If 

a,b,p,q > 0,b < 1, then we have 

I u'^-\l-ur'v^-\l-vr-Hudv^^^^±^ lim ,fJ M-M + P a 
Ja a t^i-o^ l + a,a + p + q ' J 



Proof. Using the equation 



- b,n) r 
Jo 



n=0 

oo 



n=0 

we compute as follows: 

-1 pv 



Jo Jo 

Jo ' ' t'o (1'^) Jo 

y /'\«+P+n-l(i_^).-l (l -M) 1 

^ /- ^ ' {l,n) a + n 



n=0 

OD 



En/ ^{^-b,n) 1 



n=0 
oo 



_^r(a+p + n)r(g)(l-6,n) 1 



n=0 



V[a -\- p -\- q-\- n) (1,?^) a + n 



r(a+p)r(g) g r(a + p + g) r(a +p + n) (1 - fc, n) 

■ar(a+p + g) ^ a + nr(a + p + g + n) r(a + p) (l,n) 

a t^i-Q-^ ^\ l + a,a+p + g ' / 



From this proposition, we have 
Lemma 3.8. 



f f 

J^ r,. i,m ^ NB^^i^^ ^. / r/7V,l-s/7V,(r + /j/jV \ 

a:r,.,;,m- ^AT^^iv^ - rB^B^^ t^Y^o^^^K 1 + r/N, {r + I + m)/N 'V' 



□ 



A^^^ r/N,l-s/N,{r + l)/N 

^ rB^ B^ 

r,s l,m r,s l,m 
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In this section, we consider only the case = 6. We compute some value 
of the harmonic volume for the Fermat sextic F{6). This tells the nontrivi- 
ality of the algebraic cycle F{6) — F{6)~ in J(F(6)). We have the genus of 
F(6) is equal to 10 and {u!r,s}r,s>i,r+s<5 is a basis of H^'^ of F{6). For the 
rest of this paper, we denote C = Ce and R = Proposition 13.21 gives that 

a set of loops {70,0, 7o,i> • • • > 7o,4, 7i,o, • • • , 1ia, 72,0 • • • , 73,o, 73,i, • • • , 73,4} may 
be considered as a basis of the integral homology group Hi{F{6); Z) of -F(6). Let 
P.D. : H\F{6)] C) ifi(F(6); C) be the Poincare dual. 



en 



Lemma 4.1. Let Li be a linear combination Y^^a=oC^'^'yi,n in Hi{F{6);C) . Th 
we have 

P.D.(a;i,i) = ^{(60-13C)i:o,i-(15-49C)i:i,i-(43-51C)i:2,i-(50-21C)L3,i}. 
Proof. Since = Jij+i as a homology class, we obtain 

We have 

/3,(P.D.K,i)) = P.D.((/3-i)V,i) = C'P.D.K,i). 

Since = C^Li i, there exist constants Aq, . . . , A3 G C such that P.D.(u;i^i) = 

Si=o The result follows from Proposition 13.41 and the equations 

3 



f = (P.D.(^i,i), 7o,o) = Yl >'^iL^,ulo,o) = - C)Ao + (C - l)Ai, 

3 

/ = (P.D.Ki), 71,0) = Yl A.(^.,i, 7i,o) = (1 - C)Ao + (C' - C)Ai + (C - 1)A2, 

-'71,0 i=o 

3 

/ = (P.D.Ki), 72,0) = Yl A.(^.,i, 72,0) = (1 - C)Ai + (C' - C)A2 + (C - 1)A3, 

-'72,0 j=0 

f u,,, = (P.D.(^i,i), 73,0) = Y ^^(^M, 73,0) = (1 - C)A2 + (C' - C)A3. 

•^73,0 i-n 



□ 



Let / Ur^sUJi^m denote Y^ C"^ / ^^r,s^i,' 
Lemma 4.2. For z = 0, . . . , 3, vje have 



f ^1.2^1,3 = 6 {C''(l + C)(a:i,2,i,3 - 1) - C} 
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Proof. By Theorem 13.61 it is easy to compute 

^1,2^1,3 = C'^-'(i+C)(xi,2,i,3-i)+2(i-C'")C^'"(i-C)-(i-C'")C+'"(i-2C)- 

Using this equation, we obtain the result in a straightforward way. □ 

Theorem 4.3. Let F{6) be the Fermat sextic. Then, the cycle F{Q) — F{6)^ is 
not algebraically equivalent to zero in J{F{6)). 

Proof. By the definition of the harmonic volume Ir, we have 

3 

-?^i?(t^i,2 ® ^^1,3 ® = ^ / u;i,2t^i,3 mod i?. 

Using Lemma 14.11 and 14.21 we obtain 

2/rK,2 ® cui,3 ® cui,i) = ^{(42- 30x1,2,1,3 - 95 + 46C} mod R, 

and denote it by a. By Lemma 13.81 and the numerical calculation (Figure [1] in 
Appendix), we obtain the value 

23?(a) = — (81xi 2 1 3 - 144) = 0.74286 ± 1 x 10"^ mod Z. 

61 ' ' ' 

The result follows from Theorem 12.21 and the lemma 

23fJ(a) ^Z^a^Z[C]. 

□ 

5. Appendix 

We introduce the MATHEMATICA program [11] in the proof of Theorem iJl 



x[r_, s_, 1_, m_] := (6 *Beta[ (r + 1) / 6, m/6]) / (r *Beta[r / 6, s / 6] *Beta[l / 6, m/ 6] ) * 

HypergeometricPFQ[{r / 6, 1 - s / 6, (r + 1) / 6} , {1 + r / 6, (r + 1 + m) / 6} , 1] 
N[2*FullSimplify[6/ 61 (81* x[l, 2, 1, 3] -144)], 20] +22 

Figure 1 . A numerical calculation program in the proof of The- 
orem U]3] 



References 

[1] Ceresa, G.: C is not algebraically equivalent to C" in its Jacobian. Ann. of Math. (2) 117 
(1983), no. 2, 285-291. 

[2] Chen, Kuo Tsai: Algebras of iterated path integrals and fundamental groups. Trans. Amer. 

Math. Soc. 156 (1971) 359-379. 
[3] Gross, Benedict H.: On the periods of abelian integrals and a formula of Chowla and 

Selberg. With an appendix by David E. Rohrlich. Invent. Math. 45 (1978), no. 2, 193-211. 



A NONTRIVIAL ALGEBRAIC CYCLE IN THE JACOBIAN VARIETY 



9 



[4] Gunning, R. C: Quadratic periods of hyperelliptic abelian integrals. Problems in analy- 
sis (Papers dedicated to Salomon Bochner, 1969), pp. 239-247. Princeton Univ. Press, 
Princeton, N.J., 1970. 

[5] Harris, Bruno: Harmonic volumes. Acta Math. 150 (1983), no. 1-2, 91-123. 

[6] Harris, Bruno: Homological versus algebraic equivalence in a Jacobian. Proc. Nat. Acad. 
Sci. U.S.A. 80 (1983), no. 4 i., 1157-1158. 

[7] Harris, Bruno: Iterated integrals and cycles on algebraic manifolds. Nankai Tracts in Math- 
ematics, 7. World Scientific Publishing Co., Inc., River Edge, NJ, 2004. 

[8] Kamata, Yasuo: The algorithm to calculate the period matrix of the curve -h = 1 . 
Tsukuba J. Math. 26 (2002), no. 1, 15-37. 

[9] Tadokoro, Yuuki: A nontrivial algebraic cycle in the Jacobian variety of the Klein quartic, 
to appear in Mathematische Zeitschrift. 
[10] Tretkoff, C. L.; TretkofF, M. D.: Combinatorial group theory, Riemann surfaces and dif- 
ferential equations. Contributions to group theory, 467-519, Contemp. Math., 33, Amer. 
Math. Soc, Providence, RI, 1984. 
[11] Wolfram, Stephen: The Mathematica book, Fourth edition. Wolfram Media/Cambridge 
University Press, 1999. 

Natural Science Education, Kisarazu National College of Technology, 2-11-1 

KlYOMIDAI-HlGASHI, KiSARAZU, ChIBA 292-0041, JAPAN 

E-mail address: tadoQnebula.n. kisarazu. ac.jp 



